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Signals from the CPG directly control the effecter organs (legs). Indeed the generation of 

rhythmic movements takes place at the neural level of the CPG [Frasca, Arena et al. 2004].  

A neural oscillator is formed by combining two neurons which their responses suppress each 

other in a way that one of them is extensor neuron and the other one is flexor neuron. A 

single neural oscillator symbolizes the movement of single joint of a leg. Many models for 

neural oscillators are introduced by researchers such as Matsuoka Neural Oscillator Model 

[Matsuoka 1985], McMillen Neural Oscillator Model [McMillen, D’Eleuterio et al. 1999], 

Morris-Lecar Neural Oscillator Model [Lecar 2007] and Rowat-Selverston Neural Oscillator 

Model[Rowat and Selverston 1997]. 

 

Rowat-Selverston Model, used for gait generation of BIROL Robot, took into account two 

groups of currents (“slow” and “fast”) and proposed two first order differential equations 

connecting currents and tensions  

 

F(V, σf) = V − Aftanh(σfV/Af)                                                                       (3) 

 

V is the output of the central pattern generator and Iinj is the input as pulses. Certain forms 

of outputs are possible by changing the numerical values of 

parameters(𝐴𝑖, 𝐴𝑓𝑖 , 𝜏𝑠𝑖 , 𝜏𝑚𝑖, 𝜎𝑓𝑖, 𝜎𝑠𝑖). In our case, multi-objective optimization of CPG 

parameters by GA is concerned in a way that ZMP remains in most stable point on support 

polygon on both x axis and y axis. 

 

How should  1 to 12 vary with time to generate motion along x direction. Answer is given by 

using Rowat-Selverston generators for which we find optimal parameter sets for each joint’s 

neural oscillator. Because of the large number of actuated joints, a control scheme at the 

joint level would be very complex. Remembering the system has 12 neural oscillator motor 

with 6 parameters for each of them which needs to be optimized. All attempts for optimizing 

all 72 parameters at the same time failed.  A two-plane controller was used to eliminate this 

complexity and simplify the control of the BIROL Robot which enables it to walk. This gait is 

a combination of two sagittal and frontal planes. 

 

It should be noticed that, at the same time ZMP has been used as both constraint and cost 

function. When ZMP is inside SP or stable region (ZMP as constraint) the pattern is 

accepted but not as final pattern. Again it is tried to put ZMP in a way that the most stability 

margin be reached (ZMP as cost function). We applied this process in two stages for Sagittal 

Plane and Frontal Plane. 
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CONTACT LINE ANALYSIS OF WORM GEARINGS HAVING ARCHED PROFILE 

 

László DUDÁS, iitdl@uni-miskolc.hu University of Miskolc, 3515, Miskolc, Hungary 

 

ABSTRACT 

The good contacting characteristics of worm drives having circular arc in the axial section of 

the worm are well-known. The paper investigates other arched profiles to determine better 

meshing properties. The investigated profile curves are circle arc, ellipse arc, parabolic arc 

and fourth order parabolic arc. The surface modelling is performed by the Surface 

Constructor software application. The conclusion is that the angle between the contact lines 

and the relative sliding velocity vector is only one important factor and the global cut 

produced by the hob has also to be considered among the qualifying meshing properties.  

Keywords: Worm gear, Worm profile, Meshing properties, Undercut, 3D modelling 

 

1. INTRODUCTION 

Gears are used widely in machines in industry and transport. Though these machine 

elements are well designed, their improvement is important task also nowadays. The paper 

describes the generation of the known ZTA type worm gearing that has circular arc in the 

axial section first, and then investigates the effect of the axial profile modification on the 

meshing quality. Finally demonstrates the importance of exploration of the undercut, or more 

precisely the global cut that appears on the surface of the worm wheel teeth as a destruction 

of the enveloped surface by the hob top edge. The 3D modelling and the undercut 

investigation use the author’s Reaching Model theory which is presented in detailed form in 

the [Dudás, 2010] online publication. A short overview of the Surface Constructor software 

application that realises the theory and is used for the 3D modelling of the gear elements and 

for profile variation investigation has been included. 

Worm Gearings Having Circular Profile 

The old types of worm gearings having Archimedian, convolute or involute ruled helical 

surface have poor contacting properties, as a consequence of the disadvantageous form of 

contact patterns. Contact lines parallel to sliding speed vectors do not allow building up a 

continuous, loadable oil film between worm and worm wheel. The working surface of new 
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types of worms is generated by nonlinear curves. These types of worms can be 

manufactured by profiled cutting tool or using profiled solid-tooth milling cutter. The finishing 

can be accomplished by CNC-dressed grinding wheel. 

The ZTA type worm gearing (see Fig. 1.) applies circular generating profile in the axial 

section of the worm. The profile curve, shown in Fig. 2., can be determined in the K70 

coordinate system (CS), while the helical motion of the K70 CS in the K100 CS, which is 

connected to the worm surface, can be seen on the right hand side of the figure. When 

modelling the real worm it is important that the worm has triple-start screw, consequently the 

surface derivation given in the figure has to be repeated three times with different parameters 

and for the two sides of the worm threads, so it really determines six tooth sides. 

The geometrical arrangement of the worm-gearing is given in Fig. 3. The CS K201 is fixed to 

the gear housing while CS K230 is fixed to the worm gear. I21 is the gear ratio and FI2 is the 

motion parameter. CS K100 holds the worm. 

 
Figure 2. Circle profile and the helical worm surface generating motion of the ZTA worm  

 
Figure 1. Worm and worm wheel segment of the ZTA type worm gearing  
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The contacting characteristics of this widely used type of gearings are good due to the 

advantageous form and alignment of contact lines relatively to the sliding speed directions. 

This gearing was first suggested by the Russian engineer Krivenko [Krivenko, 1967]. The 

grinding problem was solved by Hungarian inventors, Dudás, Drobni, Ankli and Garamvölgyi 

[Dudás, 1983]. The meshing characteristics of this ZTA type gearing was analysed 

extensively by Krivenko, Dudás [Dudás, 2000] and Horák [Horák, 2003]. 

A similar type of worms having arched profile was invented by the German Flender in 

Bocholt. In this construction the worm grinded with a toroidal grinding wheel having circular 

axial section [Litvin, 1972]. 

Due to the concave arched profile of the worm and convex profile of the tooth of worm wheel 

the bearing power of these gearings is much better than the loadability of gearings with ruled 

surfaces. 

 

2. CONTACT LINES AS THE QUALIFIERS OF THE MESHING QUALITY 

One of the pure geometrical qualifiers of meshing quality is the set of contact lines. These 

curves can be analysed in different coordinate systems. Usually the shape of the curves is 

analysed projected it in a plane that is orthogonal to the worm axis. The usual methods for 

calculation of curve points apply local algebraic expressions, like the kinematical method of 

Litvin [Litvin, 1972]. Unfortunately, these methods may produce false surface points, because 

they can not give the real surface that can only be produced by global methods. This 

problem was introduced in [Dudás, 1992], [Dudás, 1996]. To avoid this problem, global 

calculation method will be used in the followings, that gives the undercut regions too. Using 

 
Figure 3. The kinematical arrangement of the worm-gearing  
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global computation, or the simulation of the enveloping process, the real gear surface can be 

determined [Agullo-Battle, 1985], [Holler, 1976]. The undercut is a point-like phenomenon 

that can be revealed by local mathematical methods. If the investigation is not limited to a 

point, the continued motion causes global cut that removes a part of the previously 

enveloped surface, decreasing the area of the meshing surface in such way. The applied 

Surface Constructor software application uses the Reaching Model theory and can visualise 

the occurrence of global cut. This is demonstrated in Fig. 4. The left window of the figure 

shows an example when the upper generating body destroys the previously enveloped part 

of the lower generated surface in the continued motion causing global cut and resulting in an 

edge on the generated surface. The right window shows this situation in the R = R( ) 

coordinate system where R is the vertical reaching direction and  is the motion parameter 

measured along the horizontal axis. The two minimums in case of a point generation mean 

global cut. The exact explanation of different types of local undercuts and of situation of 

global cut, moreover the detection possibility of them using the R = R( ) functions are given 

in the online publication [Dudás, 2010]. 

The Surface Constructor Software Application 

For the generation of the worm gear surface in case of different worm profiles the Surface 

Constructor (SC) kinematical modelling and simulation tool was used, see Fig. 5. Among the 

advantages of using SC there are the animation of motions and visualisation of wandering of 

contact lines. These make possible to get impression on wandering speed, on surface stress 

and on possibility of the evolution of loadable lubricant film. For example, low wandering 

speed or stopping means higher stress and wear of the affected area of the tooth of worm 

wheel. 

There are many well-known excellent gearing investigation tools in use and some are on the 

market, e.g. Dooner’s INGEAR, Stadtfeld’s UMCORR, Landvogt’s KEGELRADKETTE, 

Goldfarb’s SPIROID, unique applications of Fuentes and Litvin, and so on [Dooner, 1999], 

[Fuentes, 2010], [Goldfarb, 1999], [Stadfeld, 1999]. These powerful design tools mostly focus 

 
Figure 4. The continued motion destroys the previously enveloped part of the lower surface 
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on extensive and deep analysis of a given or a narrow set of given gearing types. The author 

set the goal to develop a gearing investigation tool with less complex analysing capability but 

more freedom in constructing different kinematical arrangements. This freedom was realised 

by the robustness of Reaching Model theory and by use of inbuilt symbolic algebraic 

computation. Though the theory works with analytical expressions and partial derivatives, a 

robust, surface-independent software tool was developed for realisation of the theory on a 

discrete numerical basis. The detailed algorithms of the calculation are given in [Dudás, 

2013]. 

The development of a new gearing requires a convenient tool for modelling and providing the 

analysing capability to find the proper shape of the generated surface and to determine the 

suitable geometrical settings for the generation processes. To achieve this, the visualisation 

of the contact curves is essential. The SC software has proven its ability to solve many 

 
Figure 5. Levels in the Surface Constructor application 
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different kinematical problems, see [Dudás, 2003]. The in-built conjugate surface generating 

theory is the Reaching Model, mentioned earlier. This tool can handle not only conjugate 

surfaces but also surfaces meshing at a point, due to the potential use of an intermediary 

generating surface. The developed system applies both symbolic and numerical 

representations of the objects. The symbolic algebraic computation provides the flexible 

characteristic of the tool. SC starts as an empty kinematical modelling shell and models the 

kinematical modelling process itself. The system sketched in the figure has three main 

representation levels:  

 the symbolic level, which uses a symbolic algebraic representation of the objects in the 

kinematical model, 

 the numerical level, which stores the given and computed objects using numerical form, 

and 

 the visualisation level, which allows the analysis of views and motion of the objects. 

The generated members of a gearing with, for instance, a point-like mesh are surfaces F21 

and F22. The theoretical generating surface is F1. The generating kinematical relations are 

given by transformation matrices as functions of 1 and 2 motion parameters. The usability 

of the computer program for generation of conjugate surfaces of worm gearings is 

demonstrated in the following sections. 

 

3. ANALYSING CONTACT LINES IN CASE OF DIFFERENT WORM PROFILES 

In this section four worm profile types will be compared: circle arc, ellipse arc, parabolic arc 

and fourth order parabolic arc. All arcs are given in the axial section of the worm.  

Circle Arc 

The name of this type worm gearing in the industrial practice is ZTA. The meshing was 

analysed fully by Krivenko [Krivenko, 1967], Dudás [Dudás, 2000], Horák [Horák, 2003] and 

the grinding by Balajti [Balajti, 2007]. Fig. 6 shows the circle arc in SC. Fig. 7 presents the 

 
Figure 6. The generator circle arc 
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series of contact lines. The novelty in the actual investigation is the displaying of the undercut 

region that can be seen in the left side of the worm gear tooth surface. 

Ellipse Arc 

The ellipse arc gives one more parameter for profile setting. Not only the radius and the 

position, but the ellipse factor is modifiable. This additional parameter gives more freedom in 

finding better contact line set. See Fig. 8. 

The contact curve of worm gearing with ellipse profile shows an interesting form of the 

characteristic line: an X form appears in the middle of mesh. See Fig. 9. 

 
Figure 7. Contact curves of worm gearing having circle arc 

 
Figure 8. The ellipse arc, the generating process and the worm wheel surface 
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Parabolic Arc 

The parabolic arc is shown in Fig. 10 in SC. Gearing with parabolic arc has a special 

property: the contact lines at the two ends of the tooth have radial direction. This feature is 

very advantageous for creation of the loadable oil film. The undercut region is very limited as 

can be seen in Fig. 11. 

 
Figure 10. The parabolic arc and its relation to worm wheel surface generated by circular 

arc 

 
Figure 9. Contact curves of worm gearing having ellipse arc 
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Fourth Order Parabolic Arc 

The fourth order parabolic arc, shown in Fig.12 results in similar characteristics like the 

second order parabola as can be seen in Fig. 13, but the two contact lines are closer to each 

other. 

 

4. THE IMPORTANCE OF EXPLORATION OF THE UNDERCUT 

Using the local calculation algorithms, like Gohman’s differential geometry or Litvin’s 

kinematic method for determination of the worm gear surface, the got enveloped surface 

area may be larger, than in case of global calculation which can produce the global cut, 

 
Figure 11. Contact curves of worm gearing having parabolic arc 

 
Figure 12. Fourth order parabolic arc in SC 
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decreasing such a way the enveloped surface area. So to get the real surface formed by 

surface-surface enveloping and additionally by global cut, the use of global calculation 

method, like discrete numerical simulation of the surface generation, is necessary. This is 

proved by the comparison of the real worm gear and the modelled surface that was 

calculated by the global calculation settings, see Fig. 14. Using SC software application the 

selection of the needed calculation method is easy as shown in Fig. 15. The software is 

capable to calculate the local and the global results at the same time. 

Modelling the Worm Gearing 

Beyond the mesh of one worm tooth surface and the generated surface of one tooth of the 

worm wheel it is possible to observe the wandering of the contact lines on all meshing tooth 

 
Figure 13. Contact curves of worm gearing having fourth order parabolic arc 

 
Figure 14. Comparison of the real and the calculated surface 
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surfaces of the worm wheel using the SC system. The variation of the contact ratio in time 

can be analysed. Figure 16. shows the SC system in the midst of the analysis of the worm 

gearing. 

 
Figure 15. Local and global extremum settings 

 
Figure 16. Modelling a ZTA-type worm gearing in Surface Constructor 
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5. CONCLUSION 

The article presented the results of using Surface Constructor for analysis of the effect of 

different profile curves on contact lines. The circular profile resulted in many good contact 

lines characterised by quasi radial directions. Unfortunately, there is a remarkable undercut 

region at the left side of the worm wheel tooth. The other three worm profile curves resulted 

in an X form contact pattern in the middle of mesh. The ellipse arc produced less arched 

contact lines. The second order parabolic arc has a new feature: the contact lines at the two 

ends of the worm wheel tooth have advantageous radial direction and this property 

characterises the contact lines in a wide area. Because of this, the parabolic profile deserves 

more attention. Such type of gearings seems to be advantageous in gear boxes that have to 

transmit large torque. The fourth order parabolic profile is similar, but a little more arched. 
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ABSTRACT 

This paper explains the studies carried out for developing a test system for viscoelastic 

material (VEM) characterization. The purpose is to determine the frequency and temperature 

dependent dynamic properties of VEMs so that an effective vibration control or isolation 

mechanism can be designed utilizing VEMs. The test method is selected as driving-point 

method and the mechanical design studies are carried out accordingly. During the 

mechanical design, first of all, alternative concepts are generated for the test set-up 

configuration, and then the embodiment design of the test set-up is conducted utilizing finite 

element modeling technique to achieve the best performing configuration. In addition, the 

sensors, vibration exciter, data acquisition hardware and temperature control unit are 

selected. Furthermore, a dedicated test software that is able to generate the excitation as 

well as collect, process, save and monitor the measured test data is developed in LabVIEW. 

Finally, the designed test set-up is manufactured and installed with the selected electrical 

and electronic test equipment, and sample characterization tests are conducted with 

prepared viscoelastic specimens. 

 

Keywords: viscoelastic material characterization, elastomer dynamic testing, dynamic 

stiffness measurement, elastomer test systems/equipment/machine 
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1. INTRODUCTION 

Viscoelastic materials (VEMs) are widely used for the purpose of vibration control and 

isolation in mechanical structures. For example, damping instruments utilizing VEMs such as 

surface damping treatments and vibration isolators fabricated from VEMs such as machinery 

mounts are widely used in automotive and aerospace industries for the purpose of vibration 

control and isolation, respectively. The preference of VEMs is based on their ability to serve 

as both energy storage and dissipation means when loaded dynamically. Energy storage 

properties of a VEM are defined using the storage modulus parameter, which represents the 

elastic behavior of a VEM. Energy dissipation properties of a VEM is called defined using the 

loss factor parameter, which represents the ratio of the energy dissipated to the energy 

stored per cycle of harmonic motion of a VEM [1, 3]. Both parameters are strong functions of 

frequency and temperature. In addition, they are dependent on dynamic strain amplitude and 

preload induced on the VEM [2]. 

In order to determine the unique dynamic properties of VEMs several test methods exist in 

the literature; however the focus is on the single-DOF forced non-resonant test methods. 

International Organization for Standardization (ISO) classifies these test methods as: (1) 

Direct Method which is based on the measurement of vibrations on the input (excited) side 

and forces transmitted to the output (blocked) side of a specimen, (2) Indirect Method which 

is based on the measurement of vibration transmissibility of a specimen, and (3) Driving-

Point Method which is based on the measurement of vibrations and forces on the input side 

of a specimen [4, 5, 6]. There are several published studies implementing the test methods 

proposed by ISO for VEM characterization in the literature. In the study by Allen [7], a test 

set-up is designed to measure the frequency and temperature dependent shear modulus and 

loss factor of VEM’s using driving-point method. In this study, a frequency range of 0.1 Hz – 

500 Hz is achieved for accurate measurements, and a temperature range of 60°C – +185°C 

is accommodated. In the study by Kergourlay et.al. [8], a test set-up is designed to measure 

the shear modulus and loss factor of viscoelastic films used in sandwich plates under 

considerable static load using driving-point method. The frequency range is given as 1 Hz – 

2000 Hz, the temperature range is given as 0°C – 50°C, and also the pre-strain range is 

given as 0 – 3. In the study by Smith et.al. [9], a test set-up is designed to measure the 

frequency dependent shear modulus and loss factor of elastomers using Indirect Method. It 

is stated that reliable results can be obtained at frequencies as high as 6000 Hz. In the study 

by Cardillo [10], a test set-up is designed to measure the frequency, temperature and also 

the preload dependent dynamic stiffness of resilient mounts using direct method. In this 

study, the frequency range is 0.01 Hz – 100 Hz, and the temperature range is -45°C – 

+120°C. Finally, in the study by Nadeau and Champoux [11], a test set-up with two different 
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configurations are designed to measure the frequency dependent dynamic stiffness of 

resilient mounts in the axial and lateral directions separately using direct method. The 

frequency range is specified as 10 Hz – 180 Hz for accurate measurements. 

 

In this paper, the studies carried out for developing a test system to measure the frequency 

and temperature dependent storage modulus (both tensile and shear) and loss factor of 

VEM’s using driving-point method are presented. The designed test set-up allows accurate 

measurements up to 200 Hz, and a temperature range of -50°C – +70°C is accommodated. 

The scope of the studies is confined to linear behavior of VEM’s, which is valid up to 1% 

dynamic strain amplitude, and the preload effect is not aimed to be investigated [12]. 

 

2. MECHANICAL DESIGN OF THE TEST SET-UP 

2.1. Mathematical Modeling of the Test Set-up 

A mathematical model that well represents the test set-up to be designed is derived in 

accordance with the driving point method, which is depicted in Fig.1 [1], so that the 

measured mechanical quantities (i.e., force and acceleration) during a material test are 

related to the dynamic characteristics (i.e. storage modulus and loss factor) of the tested 

material.  

 

Figure 1. Configurations for tensile and shear viscoelastic specimen tests performed in 

accordance with the driving-point method [1] 

 

Since it is not possible to establish a perfectly rigid fixture, modeling the dynamic behavior of 

a viscoelastic specimen as if it is attached to a rigid foundation will not give accurate results. 

The main idea in mathematical modeling is, therefore, to include the compliance of the fixture 

[14, 15]. The fixture is represented as a single-DOF lumped mass-spring system in the 

t 
a 

a 
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direction of the applied force as shown in Fig.2. This model is sufficient for a frequency range 

of analysis that includes only the first natural frequency of the fixture. 

 

Figure 2. Two-DOF lumped mass-spring model representing the test set-up utilizing driving-

point method, where F(t): forcing function; yrb(t): absolute displacement response of the rigid 

block attached to the specimen; yfix(t): absolute displacement response of the fixture; meff: 

effective vibrating mass; mfix: effective fixture mass; k*
VEM: complex stiffness of the 

viscoelastic specimen; kfix: effective fixture stiffness 

 

In Fig.2, F(ω) is the harmonic amplitude of the input force, and Yrb(ω) and Yfix(ω) are the 

harmonic amplitudes of the absolute displacement responses of the rigid block attached to 

the specimen and the fixture, respectively. The harmonic amplitude of the net displacement 

response of the test specimen can, therefore, be obtained by taking the difference of Yrb(ω) 

and Yfix(ω). Dividing this quantity by F(ω) is defined as the relative displacement FRF of the 

rigid block and is formulated as: 

𝐻𝑟𝑒𝑙(𝜔) =
𝑌𝑟𝑏(𝜔)−𝑌𝑓𝑖𝑥(𝜔)

𝐹(𝜔)
           (1) 

Hrel(ω) can be determined by exciting the test set-up by an electrodynamic shaker and 

measuring the input force using a force transducer and the responses of the rigid block and 

the fixture using accelerometers during the tests conducted on viscoelastic specimens. 

 

Writing the equations of motion of the rigid block and the fixture separately considering the 

two-DOF system in Fig.2 and carrying out a harmonic response analysis corresponding to a 
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harmonic excitation, the frequency dependent complex stiffness of the viscoelastic specimen 

can be obtained as [14, 15]:  

𝑘𝑉𝐸𝑀
∗ =

1+𝑚𝑒𝑓𝑓𝜔
2𝐻𝑟𝑒𝑙(𝜔)

(−𝑚𝑒𝑓𝑓𝜔
2𝐻𝑓𝑖𝑥(𝜔)+1)𝐻𝑟𝑒𝑙(𝜔)

            (2) 

where meff is formulated as 𝑚𝑒𝑓𝑓 = 𝑚𝑟𝑏 +𝑚𝑡𝑟𝑎𝑛𝑠𝑑𝑢𝑐𝑒𝑟 +
𝑚𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛

3
 [2, 9, 14].  

 

The Hfix(ω) term in Eqn.2 is the FRF of the single-DOF model of the fixture and is formulated 

as [14, 15]: 

𝐻𝑓𝑖𝑥(𝜔) =
1

−𝜔2𝑚𝑓𝑖𝑥+𝑘𝑓𝑖𝑥
∗ =

1/𝑚𝑓𝑖𝑥

−𝜔2+(𝜔𝑛)𝑓𝑖𝑥
2            (3) 

where (ωn)fix is the first natural frequency of the fixture. In order to obtain the complex 

stiffness of the tested specimen as a function of frequency, Hfix(ω) must be determined in 

advance. However, determining Hfix(ω) accurately either by a finite element analysis or by 

modal testing is a difficult task to achieve. Therefore, it is preferable to neglect this term in 

Eqn.2, which reduces to: 

𝑘𝑉𝐸𝑀
∗ =

1+𝑚𝑒𝑓𝑓𝜔
2𝐻𝑟𝑒𝑙(𝜔)

𝐻𝑟𝑒𝑙(𝜔)
           (4) 

It is important to state that the complex stiffness values of the tested VEM’s obtained using 

Eqn.4 are sufficiently accurate at frequencies below the first natural frequency of the fixture. 

 

It is required to determine both the tensile and shear complex moduli of a VEM in order to 

verify the relationship between them, 𝐸∗ = 3𝐺∗, for a typical Poisson’ ratio value of 0.499 

[16]. Therefore, the test set-up is designed to accommodate both the tensile and shear 

specimen configurations, which are shown in Fig.3.  

  
                 (a)                                                                              (b) 
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Figure 3. (a) Tensile specimen configuration; (b) Double shear specimen configuration 

(Places of accelerometers are also indicated.) 

 

For tensile specimens of square cross-section, the relation between the complex stiffness 

determined as a function of frequency using Eqn.4 and the complex tensile modulus is 

identified as [13]: 

𝐸𝑉𝐸𝑀
∗ = 𝐸(1 + 𝑖𝜂) = 𝑘𝑉𝐸𝑀

∗ 𝐿

𝑎2
          (5) 

where E is the tensile storage modulus, η is the loss factor, and L is the length of the 

specimen in the direction of the applied force, a is the edge length of the square cross-

section. For shear specimens of square cross-section, the relation between the complex 

stiffness determined as a function of frequency using Eqn.4 and the complex shear modulus 

is identified as [13]: 

𝐺𝑉𝐸𝑀
∗ = 𝐺(1 + 𝑖𝜂) = 𝑘𝑉𝐸𝑀

∗ 𝑡

2𝑎2
          (6) 

where G is the shear storage modulus, and t is the thickness of the specimen, a is the edge 

length of the square cross-section. 

 

2.2. The Designed Test Set-up for Viscoelastic Material Characterization 

The effort expended to design the test set-up for VEM characterization is aimed at 

maximizing the first natural frequency of the fixture while keeping the weight of the parts that 

compose the test set-up at minimum considering modularity and portability and at the same 

time minimizing the manufacturing cost. Considering these criteria, the final design shown in 

Fig’s 4, 5 and 6 with part numbers is reached as a result of many design iterations and 

topological optimization studies conducted on several conceptual design alternatives to 

determine the best geometry and material combination. 
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Figure 4. Final design of the test set-up to which tensile specimen is attached 

 

Figure 5. Final design of the test set-up to which shear specimens are attached (Version 1) 
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Figure 6. Final design of the test set-up to which shear specimens are attached (Version 2) 

 

The bill of materials for the parts numbered in Fig’s 4, 5 and 6 are given in Table 1. 

Table 1. Bill of materials of the test set-up 

PART NO PART NAME MATERIAL QUANTITY 

1 Base Plate Aluminum 1 

2 Lateral Support (Welded) Aluminum 2 

3 Vertical Support (Welded) Aluminum 2 

4 Thermal Isolation Plate Steel 2 

5 Side Hole Extension Steel 2 

6 Holder for Tensile & Shear Specimen Assembly Aluminum 1 

7 Tensile Specimen Base Block Stainless Steel 1 

8 Tensile Specimen Vibrating Block Stainless Steel 1 

9 Side Block for Shear Specimen Stainless Steel 2 

10 Center Block for Shear Specimen Stainless Steel 1 

11 Side Block for Shear Specimen v2   Aluminum 2 

12 Connector for Shear Specimen Side Block v2 Stainless Steel 2 

 

In version 1 of the test set-up to which shear specimens are attached, which is shown in 

Fig.5, self adhesive materials and/or materials that can be temporarily bonded to the side 
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blocks and the center block are tested. On the other hand, in version 2 of the test set-up to 

which shear specimens are attached, which is shown in Fig.6, materials that are required to 

be permanently bonded, for example specimens produced by injection molding, are tested. 

In this version for every double-shear specimen, a center block and a pair of connectors for 

side block v2 are to be re-manufactured. 

 

It must be remarked that although the holder for tensile and shear specimen assembly 

(upper block) is designed as shown in Fig’s. 4, 5 and 6, it is manufactured with chamfers of 

45° angle at the upper left and right edges. 

 

3. SENSORS, VIBRATION EXCITER, DATA ACQUISITION HARDWARE AND 

TEMPERATURE CONTROL UNIT 

The sensors (vibration transducers and temperature sensors), vibration exciter, data 

acquisition hardware and temperature control unit are selected considering the possible 

levels of dynamic quantities such as displacements, accelerations and forces that will be 

observed during the vibration tests, and the frequency and temperature ranges in which the 

vibration tests are intended to be carried out. 

3.1. Selected Vibration Transducers 

3.1.1. Accelerometers: Four PCB Piezotronics, Inc. Model 352B ceramic shear ICP® 

accelerometers are selected. The nominal sensitivity of these accelerometers is 1000 mV/g. 

The maximum acceleration level to be measured is specified as ± 5g pk. 

3.1.2. Force Sensor: One PCB Piezotronics, Inc. Model 208C02 ICP® force sensor is 

selected. The sensitivity of this force sensor is 11.241 mV/N. The maximum force level to be 

measured is specified as ± 444.8 N pk. 

3.2. Selected Temperature Sensors 

Since temperature dependent characterization tests will be conducted, the temperature of 

the specimens is to be measured and tracked throughout the tests. For this purpose, T-type 

thermocouples are selected to be used.    

3.3. Selected Vibration Exciter 

Dongling Vibration Co., Ltd. Model ESD-045 permanent magnet modal shaker is selected as 

the vibration exciter. The maximum sinusoidal force level to be generated is specified as 450 

N. The maximum stroke is given as 25 mm (pk-pk) and the maximum acceleration is given 

as 100g. 
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3.4. Selected Data Acquisition Hardware 

3.4.1. Analog Input Data Acquisition Cards: To connect vibration transducers, two National 

Instruments Model NI 9234 4-channel analog input modules with USB connections are 

selected. The analog-to-digital conversion resolution is 24-bits and the input range is 

specified as ± 5 V; however the gain setting is not available. They have built-in anti-aliasing 

filters. In addition, to connect thermocouples one National Instruments Model NI 9211 4-

channel thermocouple input module with USB connection is selected. 

3.4.2. Analog Output Data Acquisition Card: One National Instruments Model NI 9263 4-

channel analog voltage output module with USB connection is selected. The digital-to-analog 

conversion resolution for this type of analog output card is 16-bits and the output voltage 

range is specified as ± 10 V. 

It must be stated that the data acquisition cards are all placed into NI cDAQ-9174 4-slot 

chassis. 

3.5. Selected Temperature Control Unit 

As the temperature control unit, ESPEC Model SU-661 thermal chamber with an internal 

volume of 64 liters is selected. The temperature control range of this thermal chamber is 

specified as -60°C – +150°C. The thermal chamber is integrated to the test set-up such that 

the side hole extensions pass through the cable ports of 100 mm diameter located on its side 

walls, and the stinger of the electrodynamic shaker passes through the cable port of 100 mm 

diameter located on its bottom wall, as shown in Fig.7. 

 

Figure 7. The test set-up with the thermal chamber and the electrodynamic shaker 

 

thermal 

chamber 

electrodynamic 

shaker 

shaker’s 

stinger 
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4. DEVELOPMENT OF THE TEST SOFTWARE 

The developed test software in LabVIEW performs two main functions, which are generation 

of signals to drive the electro-dynamic shaker, and measurement and processing of the 

signals received from the vibration transducers. Additional functions are also integrated to 

the test software such as measuring the temperature in the vicinity of the specimen during 

the tests and saving the resultant data at the end of the tests. 

4.1. Generation of Signals to Drive the Electro-dynamic Shaker in LabVIEW 

In order to excite the test specimens at all frequencies of interest simultaneously, random 

signals are decided to be generated to drive the electro-dynamic shaker. For this purpose, a 

sub-program is developed within the dedicated test software, as shown in Fig.8. 

 

Figure 8. The part of the developed software belonging to the generation of signals to drive 

the electro-dynamic shaker 

4.2. Measurement and Processing of the Signals Received from the Vibration 

Transducers in LabVIEW 

The flowchart for measurement of the signals coming from the transducers in LabVIEW is 

given in Fig.9.  
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Figure 9. The flowchart for measurement of signals received from the vibration transducers in 

LabVIEW [17, 18] 

 

For testing tensile specimens, a total number of four accelerometers two of which are 

mounted to the left and right sides of the tensile specimen base block and the other two are 

mounted to the left and right sides of the tensile specimen vibrating block, and one force 

sensor are used. Therefore, for tensile specimen tests the part of the developed software 

belonging to the measurement of signals coming from the vibration transducers is shown in 

Fig.10. 

 

Figure 10. The part of the developed software belonging to the measurement of signals 

coming from the vibration transducers for tensile specimen tests 
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For testing shear specimens, on the other hand, a total number of three accelerometers 

which are mounted to the left side block, right side block and the center block, and one force 

sensor are used. Therefore, for shear specimen tests the part of the developed software 

belonging to the measurement of signals coming from the vibration transducers is shown in 

Fig.11. 

 

Figure 11. The part of the developed software belonging to the measurement of signals 

coming from the vibration transducers for shear specimen tests 

 

After the sampled data at each channel of the data acquisition device is transferred to the 

computer memory, the digital signal processing operations take place, as shown in Fig.12.  

 

Figure 12. The stages of signal processing 

4.3. Additional Programming in LabVIEW 

The developed test software has some additional features other than signal generation and 

signal measurement with FRF estimation. These are: (1) Temperature measurement; (2) 

Setting delay between signal generation and signal measurement; (3) Determination of the 

storage modulus and loss factor of tested viscoelastic specimens; (4) Saving the resultant 

data; (5) Plotting the measured signals and the resultant data.  
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The temperature measurement part similar to the vibration transducer signal measurement is 

added to the developed test software, as shown in Fig.13. 

 

Figure 13. The part of the developed software belonging to the measurement of signals 

coming from the thermocouples 

One sample per channel of the thermocouple card is collected during the record length of the 

signals coming from the vibration transducers and this is repeated for each vibration 

transducer signal measurement cycle. The acquired temperature data is then linearly 

averaged per channel and the resultant average temperature per channel is then multiplied 

with a weighting factor such that the sum of four weighting factors corresponding to four 

channels of the thermocouple card is equal to 1. Finally, the weighted average temperatures 

are summed to determine the test temperature. 

 

5. VISCOELASTIC MATERIAL CHARACTERIZATION TEST PROCEDURE  

For the purpose of conducting VEM characterization tests, first of all, the specimens must be 

prepared in advance at the desired shapes and sizes. After the specimens are prepared and 

bonded to their blocks, the selected electrical and electronic test equipment must be 

installed. Finally, the tests are carried out readily.  

 

In VEM characterization tests, it is a common application to conduct a test by varying the 

frequency at a constant temperature, then to repeat the tests at different temperatures. 

Therefore, firstly one of the predetermined test temperatures in the range of -50°C – +70°C is 

entered into the control panel of the thermal chamber. Then, the temperatures at certain 

points inside the chamber are tracked on the computer using thermocouples connected to 

the channels of thermocouple card until the desired test temperature is reached.  

 

Once the constant test temperature is ensured, the necessary information is entered into the 

designed user interface in LabVIEW, which is (1) input and output signal properties including 

sampling frequency and number of samples for acquisition, sampling frequency and number 
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of samples for generation, number of ensemble averaging, and amplitude of generated 

signal (peak-to-peak); (2) sensor settings including sensitivities, physical channels and 

directions of vibration transducers; (3) temperature settings including thermocouple types 

connected to corresponding thermocouple card channels, and weighting factors to multiply 

with temperature data in order to determine test temperature in the vicinity of test specimen; 

(4) set-up properties including effective vibrating mass, length of tensile specimen or 

thickness of shear specimen, and cross-sectional area of tensile or shear specimen; (5) file 

paths for saving the resultant data.  

 

Then, the developed test software in LabVIEW is run, and the shaker starts to excite the test 

specimen. After some time has passed to ensure that the transient response has died out, 

the start acquisition button on the user interface is pressed so that the signals from the 

vibration transducers and the thermocouples are started to be measured and at the same 

time monitored on the user interface. Once the data acquisition has finished and the stop 

generation button on the user interface is pressed to end up the test, the test temperature in 

the vicinity of the test specimen, auto-power spectral estimate graphs of the vibration 

transducer signals, driving-point, cross-point and relative acceleration FRF graphs, 

coherence function graphs, and frequency dependent storage modulus and loss factor 

graphs of the test specimen at the test temperature are all displayed on the user interface.  

 

Finally, the tests are repeated at the other predetermined test temperatures to obtain the 

frequency dependent storage modulus and loss factor data of the tensile or shear test 

specimen at a set of temperatures. 

 

6. SAMPLE CHARACTERIZATION TEST RESULTS AND DISCUSSIONS 

Once the test system composed of the test set-up and the electrical and electronic test 

equipment involving the thermal chamber, the shaker with its amplifier, and the data 

acquisition system with the test computer is installed in the test laboratory as shown in 

Fig.14, tests are conducted on several tensile and shear specimens of the materials EPDM, 

Neoprene and Silicon. 
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Figure 14. Test system composed of the test set-up, the thermal chamber, the shaker with its 

amplifier and the data acquisition system with the test computer 

 

One of the tested tensile specimens is the synthetic rubber EPDM of 50 Shore A hardness 

shown in Fig.15 with the vibration transducers and the thermocouples. 

 

Figure 15. The prepared tensile test specimen and the placed vibration transducers and 

thermocouples 

 

At the end of the characterization tests, the storage modulus and loss factor data up to 

approximately 800 Hz are obtained at a set of test temperatures in the range of -55°C – 

+20°C. Then, the useful frequency range of the data at each test temperature is specified 

such that the noisy data at low frequencies and the erroneous data at frequencies close to 
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the first structural modal frequency of the test set-up are discarded. After that, the frequency-

temperature superposition operation is performed, and as a result the master curves for both 

storage modulus and loss factor are obtained at discrete frequencies and temperatures, as 

shown in Fig.16. The shift factors corresponding to each test temperature are also 

determined during this operation.  

 

Figure 16. Master curves for the tensile specimen of the material EPDM of 50 Shore A 

hardness at discrete frequencies and temperatures 

 

The Arrhenius shift factor equation is used for curve fitting to the determined shift factors 

corresponding to discrete temperatures, so that the shift factor at any desired temperature is 

obtained. Finally, in order to introduce a unique continuous relation between the storage 

modulus and loss factor of the tested specimen and the frequency and temperature of any 

desired value, a 15-parameter model is adopted for curve fitting to the master curves shown 

in Fig.16. The parameters of the model is determined upon a challenging trial-and-error 

procedure, and in the end the continuous master curves belonging to the material EPDM of 

50 Shore A hardness are obtained as shown in Fig.17. 
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Figure 17. Continuous master curves for the tensile specimen of the material EPDM of 50 

Shore A hardness together with the overlapping master curves at discrete frequencies and 

temperatures 

 

Besides the aforementioned tests, another tensile specimen of the same material EPDM of 

50 Shore A hardness is tested, and the results appear to be consistent for both tensile 

specimens, as expected. Shear specimens of the same material EPDM of 50 Shore A 

hardness are also tested, and it is seen that for a Poisson’s ratio value of 0.499, the tensile 

and shear complex modulus results agree with each other, as expected.  

 

7. CONCLUSION 

In this paper, the studies carried out for developing a test system to measure the frequency 

and temperature dependent storage modulus (both tensile and shear) and loss factor of 

VEM’s using driving-point method are presented. The developed test system composed of 

the test set-up, electrical and electronic test equipment and dedicated test software is 

validated by sample characterization tests. 
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ABSTRACT 

In this paper, we presented a robust fuzzy-PID control designed for attitude stabilization of an 

unbalanced quadrotor platform that will be used for load carrying. Constructed non-linear 

model and controller is simulated in Matlab/Simulink environment. The control algorithm is 

tested on shifted center of gravity with various disturbances acting on the system and the 

results are discussed. 

Keywords: Fuzzy-PID controller, Unbalanced quadrotor, Attitude stabilization. Disturbance 

observer 

 

1. INTRODUCTION 

Several different control techniques have been applied successfully on quadrotor platforms. 

LQR (Güçlü, 2012) LQR PID, LQ, feedback linearization, adaptive nonlinear control, 

nonlinear PD and integral back stepping (Bouabdallah,2004), sliding-mode (Patel,2012) are 

some of the most prominent ones. However all of them assume a perfectly balanced 

platform. Palunko and Fierro (Palunko and Fierro, 2011) stated that a linear PD controller is 

not able to cope with dynamic changes of center of gravity and they coupled PD controllers 

with adaptive feedback linearization controller. This motivates us to design a nonlinear 

controller. However instead of trying to estimate the parameter changes of the platform, 

fuzzy-PID controller has been used to deal with the parameter changes. Moreover, 

disturbance observer (DOB) algorithm (Ohnishi, 1989) is utilized to obtain robust 

performance under external disturbances. 
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2. QUADROTOR MODEL 

The model is derived using Newton-Euler formalism to describe six degrees of freedom rigid 

body model (Fossen,1994). The model assumptions could be stated as follows: The frame 

structure is rigid, the ground effect is neglected, blade flapping is not modeled, thrust and 

drag are proportional to the square of the propellers speed, drag forces of the body is 

neglected. In Figure 1, body fixed reference frame, position of center of gravity CoG, Earth 

fixed (inertial) reference frame could be seen. 

 

Figure 1. The origin body-fixed reference frame(O),  the origin of Earth (inertial) reference 

frame(E),drag moments, and reference frame axis 

𝐿 is the distance form point O to motors. 𝐷𝑖’s are drag moments due to the rotation of the 

propellers. 𝐹𝑖′s are thrust forces generated by motor propeller units. 

2.1 Quadrotor Kinematics 

The generalized position and velocity vectors are presented in six degrees of freedom as 

follows: 

𝜂1  =  [𝑥 𝑦 𝑧]𝑇: position of the origin of body-fixed reference frame in inertial frame,    

𝜂2  =  [𝜑  𝜃  𝜓]𝑇 ∶   orientation (Euler angles) describing the rotation from the inertial frame to 

the body-fixed frame , 

𝜂 =  [𝜂1
𝑇  𝜂2

𝑇]𝑇 = [𝑥 𝑦 𝑧 𝜑  𝜃 𝜓]𝑇: position and orientation of the quadrotor with respect to the 

inertial frame,   

𝜈1  =  [𝑢, 𝑣, 𝑤]𝑇 : translational velocity components in body-fixed frame, 

𝜈2  =  [𝑝, 𝑞, 𝑟]𝑇  : rotational velocity components in body-fixed frame,  
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𝜈 =  [𝜈1
𝑇 , 𝜈2

𝑇]𝑇 = [𝑢, 𝑣, 𝑤, 𝑝, 𝑞, 𝑟]𝑇 ∶  translational and rotational velocity components in body-

fixed frame, 

𝜏1  =  [𝐹𝑥  𝐹𝑦 𝐹𝑧]
𝑇

∶  force components acting on the vehicle in body-fixed frame, 

𝜏2  =  [𝑀𝑥 𝑀𝑦 𝑀𝑧]
𝑇

∶  moment components acting on the vehicle in body-fixed frame, 

𝜏 =  [𝜏1
𝑇 , 𝜏2

𝑇]𝑇 = [𝐹𝑥  𝐹𝑦 𝐹𝑧 𝑀𝑥  𝑀𝑦 𝑀𝑧]
𝑇

∶ force and moment components acting on the vehicle in 

body-fixed frame. 

The translational velocity of the vehicle expressed in the body-fixed frame is expressed as 

translational velocity in the inertial frame through the following transformation (Fossen,1994) 

𝜂̇1 = 𝐽1(𝜂2)𝑣1 (1) 

J1(𝜂2) is the transformation matrix corresponding to the Euler angle rotation sequence. 

𝐽1(𝜂2) =  [

𝑐𝑜𝑠 𝜓 𝑐𝑜𝑠 𝜃 −𝑠𝑖𝑛 𝜓 𝑐𝑜𝑠 𝜓 +  𝑐𝑜𝑠 𝜓 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜑 𝑠𝑖𝑛 𝜓 𝑠𝑖𝑛 𝜑 +  𝑐𝑜𝑠 𝜓 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜑
𝑠𝑖𝑛 𝜓 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜓 𝑐𝑜𝑠 𝜑 +  𝑠𝑖𝑛 𝜓 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜑 −𝑐𝑜𝑠 𝜓 𝑠𝑖𝑛 𝜑 +  𝑠𝑖𝑛 𝜓 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜑 

− sin 𝜃 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜑 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜑
] 

(2) 

The rotational velocity of the vehicle expressed in the body-fixed frame is expressed as 

rotational velocity in the inertial frame through the following transformation (Fossen,1994); 

𝜂̇2 = 𝐽2(𝜂2)𝑣2 (3) 

𝐽2(𝜂2) = [

1 𝑠𝑖𝑛 𝜑 𝑡𝑎𝑛 𝜃 𝑐𝑜𝑠 𝜑 𝑡𝑎𝑛 𝜃
0 𝑐𝑜𝑠 𝜑 −𝑠𝑖𝑛 𝜑 
0 𝑠𝑖𝑛 𝜑/ 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜑/ 𝑐𝑜𝑠 𝜃

]  
 

(4) 

Singularities occur at 𝜃 ≠  ±90°, due to the division by cos 𝜃. However, since aggressive 

maneuvering is not planned, and a normal operation of the vehicle does not contain such 

states, it is acceptable to use Euler angle notation. The kinematic relation between the body 

fixed velocity 𝜈 and the position 𝜂 in the inertial frame is; 

𝜂̇ =  𝐽(𝜂)𝑣 (5) 

Where 𝐽(𝜂) is the transformation matrix, expressed as following; 

𝐽(𝜂) = [
𝐽1(𝜂2) 0

0 𝐽2(𝜂2)
] 

(6) 

2.2 Quadrotor Dynamics 

The translational and rotational motion of a general rigid body with six degrees of freedom in 

body fixed reference frame (O-frame) can be represented as follows; 
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𝑀𝜈̇  +  𝐶(𝜈)𝜈 +  𝐷(𝜈)𝜈 +  𝑔(𝜂)  =  𝜏  (7) 

where 𝑀 is the inertia matrix of the rigid body involving mass and inertia tensor components, 

𝐶(𝜈) is the matrix of Coriolis and centripetal terms, 𝐷(𝜈)  is aerodynamic drag matrix,  𝑔(𝜂) is 

the gravitational force and 𝜏 is the vector of forces and moments acting on body. The inertia 

matrix  𝑀 is; 

𝑀 =

[
 
 
 
 
 
 

𝑚 0 0 0 𝑚𝑧𝐺 −𝑚𝑦𝐺

0 𝑚 0 −𝑚𝑧𝐺 0 𝑚𝑦𝐺

0 0 𝑚 𝑚𝑦𝐺 −𝑚𝑥𝐺 0
0 −𝑚𝑧𝐺 𝑚𝑦𝐺 𝐼𝑥 −𝐼𝑥𝑦 −𝐼𝑥𝑧

𝑚𝑧𝐺 0 −𝑚𝑥𝐺 −𝐼𝑦𝑥 𝐼𝑦 −𝐼𝑦𝑧

−𝑚𝑦𝐺 𝑚𝑥𝐺 0 −𝐼𝑧𝑥 −𝐼𝑧𝑦 𝐼𝑧 ]
 
 
 
 
 
 

 , M = MT > 0 

 

 

(8) 

As for the Coriolis and Centripetal matrix, using the results from Fossen (Fossen, 1994); 

𝐶(𝜈) =

[
 
 
 
 
 
 

0 0 0
0 0 0
0 0 0

−𝑚(𝑦𝑔𝑞 + 𝑧𝑔𝑟) 𝑚(𝑦𝑔𝑝 + 𝑤) 𝑚(𝑧𝑔𝑝 − 𝑣)

𝑚(𝑥𝑔𝑞 − 𝑤) −𝑚(𝑧𝑔𝑟 + 𝑥𝑔𝑝) 𝑚(𝑧𝑔𝑞 + 𝑢)

𝑚(𝑥𝑔𝑟 + 𝑣) 𝑚(𝑦𝑔𝑟 − 𝑢) −𝑚(𝑥𝑔𝑝 + 𝑦𝑔𝑞)

𝑚(𝑦𝑔𝑞 + 𝑧𝑔𝑟) −𝑚(𝑥𝑔𝑞 − 𝑤) −𝑚(𝑥𝑔𝑟 + 𝑣)

−𝑚(𝑦𝑔𝑝 + 𝑤) 𝑚(𝑧𝑔𝑟 + 𝑥𝑔𝑝) −𝑚(𝑦𝑔𝑟 − 𝑢)

−𝑚(𝑧𝑔𝑝 − 𝑣) −𝑚(𝑧𝑔𝑞 + 𝑢) 𝑚(𝑥𝑔𝑝 + 𝑦𝑔𝑞)

0 −𝐼𝑦𝑧𝑞 − 𝐼𝑥𝑧𝑝 + 𝐼𝑧𝑟 𝐼𝑦𝑧𝑟 + 𝐼𝑥𝑦𝑝 − 𝐼𝑦𝑞

𝐼𝑦𝑧𝑞 + 𝐼𝑥𝑧𝑝 − 𝐼𝑧𝑟 0 −𝐼𝑥𝑧𝑟 − 𝐼𝑥𝑦𝑞 + 𝐼𝑥𝑝

−𝐼𝑦𝑧𝑟 − 𝐼𝑥𝑦𝑝 + 𝐼𝑦𝑞 𝐼𝑥𝑧𝑟 + 𝐼𝑥𝑦𝑞 − 𝐼𝑥𝑝 0 ]
 
 
 
 
 
 
 

 

 

 

 

 

(9) 

The position of CoG in body fixed frame is denoted as;  

𝑟𝐺 = [𝑥𝐺 , 𝑦𝐺 , 𝑧𝐺]𝑇 (10) 

To express vector of gravitational forces and moments, we write; 

𝑓𝑔(𝜂2) = J1(𝜂2)
𝑇 [

0
0
𝑊

] ,𝑊 = 𝑚 𝑔 
 

(11) 

Where 𝑚 denotes mass of platform and 𝑔 represent gravitational acceleration. 

𝑔(𝜂) = − [
𝑓𝑔(𝜂2)

𝑟𝑔  × 𝑓𝑔(𝜂2)
] 

(12) 

The forces and moments due to motors could be expressed in matrix form as follows: 
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𝜏 =

[
 
 
 
 
 

0 0 0 0
0 0 0 0

−1 −1 −1 −1
0 −𝐿 0 𝐿
𝐿 0 −𝐿 0
−𝑐 𝑐 −𝑐 𝑐 ]

 
 
 
 
 

[

𝐹1

𝐹2

𝐹3

𝐹4

] = 𝐵 𝑈 

 

 

(13) 

Here, 𝐵 is input matrix and c is linear drag coefficient between drag moments and propeller 

thrust forces. And 𝑈 represents thrust forces written in column vector form. 

For allocating the control forces and moments that calculated by fuzzy-PID and DOB, inverse 

of the input matrix is required. Since, the input matrix 𝐵 is not square, the inverse is found 

using “Moore-Penrose (pseudo-inverse or generalized inverse)” technique. Noting that 

dimension of 𝐵 is 6x4, “left inverse” formula for Moore-Penrose inverse is calculated as; 

𝐵𝑤
+ = (𝐵𝑇𝐵)−1𝐵𝑇   (14) 

Finally, thrust force of each motor could be calculated as follows; 

𝑈 = 𝐵𝑤
+ 𝜏 (15) 

Since the thrust forces generated by motors don’t have any force components acting along 

𝑥𝑏 and 𝑦𝑏, 𝐹𝑥 and 𝐹𝑦 has no effect on thrust forces. Linear motion along these directions 

could be controlled with cascaded controller algorithms. Hence, for quadrotor platform, 

proposed controller structure is valid for roll, pitch, yaw rotational motions along 𝑥𝑏, 𝑦𝑏, 𝑧𝑏 

respectively and vertical motion along 𝑧𝑏 direction. In this paper, we focused on attitude 

stabilization in hover condition and we took 𝐹𝑥 and 𝐹𝑦 as zero and, 𝐹𝑧 = −𝑚 𝑔. 

3. ATTITUDE CONTROLLER DESIGN 
 

In this part, the overall control algorithm is presented. The implementation is starting with the 

reference inputs,𝜑
𝑑
,𝜃𝑑 and 𝜓

𝑑
 which are desired roll, pitch and yaw angles respectively. After 

the calculation of error, it is fed to the fuzzy-PID controller. The pseudo inverse of the input 

matrix (pseudo inverse is 𝐵𝑤
+) is calculated to be able to calculate thrust forces generated by 

motors. Calculated thrust forces are passed through a saturation process with specified 

values of maximum and minimum thrust to prevent unreal force generation. After that each 

thrust force is multiplied with input matrix 𝐵 to find system forces and moments and these 

moments and forces are fed to the system dynamics. The overall structure for simulation is 

given in Figure 2. 
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Figure 2. Overall System Dynamics and Control Scheme 

3.1 Disturbance Observer 

The disturbance observer (Ohnishi, 1989) is designed to estimate external disturbance acting 

on the platform by comparing the control input with the system output. The estimated 

disturbance is sent to the system input as a cancellation signal. From Figure 2,  𝑃𝑛
−1 is 

inverse of the nominal plant to be controlled. For inverse nominal model, all body states are 

assumed to be available and sensor noise is not taken into consideration. And  𝑑 is the 

external disturbance,  𝜏*  is fuzzy-PID output, 𝜏 is input to the system to be controlled, 𝜂 is the 

plant output, 𝑄  is the low-pass filter, 𝑑̂ is the observed disturbance, 𝑑̂𝑓 is the filtered 

observed disturbance and, 𝑈 vector contains thrust forces generated by motors. The low 

pass filter prevents algebraic loop. Main design problem is choosing 𝑄 to provide a good 

balance between disturbance rejection performance versus stability robustness and noise 

sensitivity (Kempf,1999). Here, it is found by tuning based on simulations. 

3.2 Fuzzy PID Controller  

 

Proportional-integral-derivative (PID) controllers are frequently used due to easy 

implementation and simple structure. The equation of a PID controller has the following form: 

𝜏∗ = 𝜏𝑃𝐼𝐷 = 𝐾𝑝𝑒(𝑡) + 𝐾𝐷𝑒̇(𝑡) + 𝐾𝑖 ∫ 𝑒(𝜏)𝑑𝜏
𝑡

0

 
(16) 

where 𝑒 = [𝜑 − 𝜑𝑑 , 𝜃 − 𝜃𝑑 , 𝜓 − 𝜓𝑑] 
𝑇 is the tracking error,  𝐾𝑝, 𝐾𝐷, 𝐾𝐼 are proportional, 

derivate and integral gains respectively. Despite the advantages, PID often shows poor 

performance to cope with nonlinearities and physical parameter changes in the plant to be 

controlled. In order to overcome these drawbacks, self-tuning PID controller algorithm stated 

by Abbasi (Abbasi,2013) is utilized. The algorithm does on-line updates on controller gains 
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using error and time derivative of error in order to satisfy strict dynamic and static 

performance. In Figure 3, the simplified self-tuning PID algorithm could be seen. 

REFERENCE
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SYSTEM

PID 
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PLANT

TIME
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de
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error
output

Kp Kd Ki

 

Figure 3. Fuzzy PID Controller Algorithm (Abbasi,2013). 

The membership functions have been chosen identical for all inputs and outputs. In Figure 4, 

the membership functions could be seen. 

 

Figure 4. Membership Functions 

 

Table 1 and Table 2 show the fuzzy rules for tuning the PID gains stated by Abbasi 

(Abbasi,2013). Here, NB is Negative Big, NM is Negative Medium, Negative Small (NS) , 

Zero (ZO) , Positive Small (PS), Positive Medium (PM) and PB is Positive Big, and for the 

outputs; VVS denotes Very Very Small, Very Small (VS), Small (S), Medium (M), Big (B), 

Very Big (VB) and VVB denotes Very Very Big.  

 

Table 1. Fuzzy rules for 𝐾𝑝 and 𝐾𝐼 

 ERROR 

E
R

R
O

R
 R

A
T

E
 

 NB NM NS ZO PS PM PB 

NB M S VS VVS VS S M 

NM B M S VS S M B 

NS VB B M S M B VB 

ZO VVB VB B M B VB VVB 

PS VB B M S M B VB 

PM B M S VS S M B 

PB M S VS VVS VS S M 
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Table 2. Fuzzy rules for 𝐾𝐷 

 ERROR 

E
R

R
O

R
 R

A
T

E
 

 NB NM NS ZO PS PM PB 

NB M B VB VVB VB B M 

NM S M B VB B M S 

NS VS S M B M S VS 

ZO VVS VS S M S VS VVS 

PS VS S M B M S VS 

PM S M B VB B M S 

PB M B VB VVB VB B M 

 

The width of the fuzzy sets for outputs, Kp is set to [0.26 0.91], KI is set to [0.001 0.01] and 

KD is set to [0.25 0.5]. And for inputs, the range for the error have been chosen [-1 1] and for 

error rate have been chosen as [-10 10]. 

4. SIMULATION 

Using the physical parameters stated by Güçlü (Güçlü, 2012), proposed algorithm is tested 

under various external disturbances and CoG shifts. The inverse model is implemented using 

Eq. 7 by considering CoG is not changing. The main aim here is observing the effect of the 

CoG change without measuring or estimating the position of CoG. Firstly, disturbance 

observer (DOB) algorithm is tested. After a few iterations, cut-off frequency of the filter Q is 

selected as 10 Hz. In Figure 5, applied and estimated disturbances could be seen.  

 

Figure 5 System response (left) and DOB (right) under external disturbance 
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Moreover CoG is shifted according to Figure 6, system response is shown in Figure 7 and 

Figure 8. Two CoG shifting paths are taken into consideration. The phase shift between xg 

and yg is equal to +90 degree.  

 

Figure 6.  Sinusoidal (left) and pulse (right) position of CoG 

 

Figure 7 System response (left) and DOB (right) with pulse CoG shift 

 

Figure 8 System response (left) and DOB (right) with sinusoidal CoG shift 
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In Figure 7 and Figure 8, CoG shift is considered as external disturbance by DOB. Hence 

DOB acts as an inner loop compensator and therefore the cancellation signal generated by 

DOB generates this effect. 

5. CONCLUSION 

This paper presented a robust self-tuning fuzzy PID control for attitude stabilization of an 

unbalanced quadrotor. Considering the simulation results, the proposed algorithm performs 

expected stability and robustness. However, in simulation environment, amount of time 

expense for tuning the controller is higher than other controllers such as backstepping, linear 

state feedback controller. But, once the construction and tuning of the controller is 

completed, the algorithm is managed to stabilize the platform under various disturbance and 

parameter changes without any additional work. 

In future studies, proposed method will be expanded to obtain both attitude and linear 

position control. Expanded method will be implemented to a real quadrotor that will carry an 

external load coupled on a robotic manipulator. And the capability of the presented adaptive 

control algorithm will be verified experimentally.  
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ABSTRACT 

Magnesium- aluminum alloys are versatile materials, which are used in manufacturing a 

number of engineering and industrial parts in the automobile and aircraft industries it is alloyed 

with other elements mainly aluminum and zinc to improve the  required properties particularly 

to achieve high strength - to- weight ratio. Against these preferable characteristics, magnesium 

is difficult to deform at room temperature. Grain refinement is an important technology to 

improve the mechanical properties and the microstructure uniformity of the alloys. Most of the 

published work on grain refinement was directed toward grain refining auminum and zinc 

alloys; however, the effect of the addition of rare earth material on the grain size or the 

mechanical behavior of Mg alloys is rare. In this paper the effects of Ti addition  on the grain 

size, , ductility, extrusion force and energy, of Mg-AZ31 alloy  are investigated in two 

conditions, first in the as cast condition and the second after extrusion. It was found that 

addition of Ti to Mg- AZ31 alloy resulted in reduction of its grain size by 14%; the reduction in 

grain size after extrusion was much higher. Furthermore, an increase in the strength coefficient 

by 36% was achieved with the addition of Ti to Mg-AZ31 alloy in the  cast condition. Similarly, 

the work hardening index was also increased indicating an enhancement of the ductility and 

formability. Regarding the extrusion process, it was found that the force and energy required 

for the extrusion process were reduced by 57% and 59% respectively.  

 

Keywords:Titanium ,MgAZ31 ,Cast condition Extrusion ,Mechanical behavior ,Ductility 

 

1. INTRODUCTION 

The increasing demand for lightweight structures has forced the industry to look for new 

effective methods to produce light weight alloys. A major problem which hampers the wide 
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spread use of such alloys like aluminum and magnesium alloys is their limited formability when 

the conventional manufacturing techniques are used  

Magnesium and its alloys are the lightest structural materials available  on the earth with a 

maximum density of 1.78 gm/cc and melting point of 650 C, with good damping characteristics, 

but difficult to deform at room temperature, “[Kalpakjian and Schmid, 2007]”. Mg and its alloys 

oxidize rapidly, accompanied by exothermic reaction, which may catch fire; therefore care must 

be taken during their machining. However products of Mg and its alloys are not fire hazard. Mg 

and its alloys are used in a wide variety of structural and nonstructural applications. Structural 

applications include automotive applications such as clutch and pedal support brackets and 

steering column lock housings. They are also used in industrial machinery such as textile and 

printing machines. Furthermore, they are used in commercial applications which include hand 

held tools, computer housings and ladders. Mg alloys are very useful in the parts which operate 

at high speed to minimize the inertial effect due to their light weights. They are also valuable 

for aircrafts due to their high strength- to- weight- ratio and good stiffness both at room and 

elevated temperatures. They are available either as casting or wrought products e.g. extruded 

rods, forging or rolled sheets. Cast alloys are manufactured by die casting, permanent mold 

casting, and sand casting methods; they have lower mechanical properties (especially the 

ductility) as compared to the wrought alloys. Cast magnesium alloys, particularly magnesium-

aluminum alloys are used in manufacturing aircraft and automobile parts while wrought alloys 

are often worked or forged to particular shapes. The ductility of magnesium alloys in the cold 

state is low; therefore it is recommended that these alloys are worked at hot temperatures. 

They are typically combined with manganese, aluminum, zinc, or zirconium for different 

applications and they can be used to produce components with superior mechanical 

properties.  

 

1.1. Literature Survey: Grain refinement process and its effects 

Grain refinement is an important technology for improving the mechanical properties, surface 

quality and workability of both cast and wrought alloys. 

Grain refinement has an industrial history stretching back to 1949 when Cibula showed that 

the presence of Ti, particularly in combination of Carbon or Boron, produced a great refining 

effect in Al. since then it became an industrial practice to grain refine Al alloys by adding Ti or 

Ti+B to the melt prior to solidification. Al- Ti binary and Al – Ti –B ternary master alloys are 

developed and commercially available for this purpose;”[Cibula, 1951 -1952]” and “[Campbell 

and Sutker, 1986]”. 
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The increasingly efficient use of the addition of these master alloys has been justified from the 

technological and scientific point of view in the grain refining of Al and its alloys by different 

elements. Later, the grain refinement of zinc and its alloys was investigated [Abdel Hamid, 

1989]. Available literature reveals that the grain refinement of zinc and its alloys are now well 

established and documented and reviewed [Zaid, 2006]. However, the effect of the addition of 

rare earth materials on the grain size and the mechanical behavior of the Mg alloys is rare.  

 

Examination of the available  literature reveals that Al-Ti and Al-Ti-B master alloys are known 

to be effective grain refiners in aluminum; it is  found that they could also refine various kinds 

of Mg alloys due to the presence of TiB2 particles. Researchers have investigated the effect 

of adding different master alloys to Mg –AZ31 alloy; for example it was found that the addition 

of the master alloy Al-1Ti-1C at a rate of 1% results in a sharp reduction of the average grain 

size of AZ31 by around 76%, and the structure of α-Mg grains changed from an equiaxed to a 

petal-like shape. It is also noted that appropriate addition of Ti increases the grain refinement 

efficiency of Al-Ti-C master alloy in AZ31 alloy.  The increasing demand for the lightweight 

structures has forced the manufacturing industry to look for new effective methods to form 

lightweight alloys. A major problem that hampers the wide spread use of such alloys like Al 

and Mg is their limited formability when the conventional manufacturing techniques are used  

 

Recent studies have shown that the Mg-AZ31 alloy which contains 3% Al and 1% Zinc by 

weight exhibits large tensile ductility and in some cases superplastic behavior at elevated 

temperatures which enhances its potential to be used in many industrial applications, 

especially in the automotive and aircraft industries,“[M[ordike and Ebert, 2001]”.                                                                       

 

Due to the great demand of Mg and its alloys, they have received great attention from the 

researchers to drive out results of their benefits focusing on achieving methods that might lead 

to refine the grains of the Mg alloys. Research works were conducted to test the formability of 

the Mg-AZ31 alloy and how it can be improved; it was found that as the Al content of the alloy 

increases, yield strength, ultimate tensile strength and the oxidation resistance all will increase; 

whereas the castability of the alloy will decrease. The effect of Al on the alloy ductility, or 

maximum elongation during tensile testing, is less predictable since Al is capable of either 

increasing or decreasing mechanical strength depending upon the used heat-treatment. 

Initially, Mg-AZ31 alloy was also refined by adding alloying elements like Al-Ti-C master alloy 

with different Ti concentrations resulted in an efficient grain refinement of the alloy 

microstructure; this was explained by the forming of Al4C3 and TiC particles; it was also noted 

that the higher the percentage of Ti in the master alloy, the more efficient the grain refinement 
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process [Guang et al, 2009]. The extrusion process of Mg- AZ31 alloy revealed  that upon 

increasing the extrusion ratio, the grain size of AZ31 Mg alloy was reduced and the mechanical 

properties at room temperature are improved effectively. Further investigation showed that a 

high extrusion ratio (> 39) is more effective than lower extrusion ratio (< 24) in refining the 

grains. However, the improvement of mechanical properties at room temperature for the high 

extrusion ratio is lower than that of low extrusion ratio which supports the idea that there exists 

a critical extrusion ratio for grain refinement and improvement of mechanical properties on 

certain conditions. Later, a new equal channel angular extrusion (ECAE) processing was 

applied to control the microstructure and mechanical properties of AZ31 Mg alloy resulting in 

a very fine grains and a significant increase in both the ductility and yield stress of the alloy 

after the processing. Further results showed that the grain refinement in AZ31 magnesium 

alloy was successfully carried out using the ECAP (Equal Channel Angular Pressing) 

processing at  different temperatures; reducing the grain size nearly four times after 2  passes 

of ECAP under 250o C with a homogeneous grains. This also resulted in increasing the 

hardness”[Bryla et al, 2009]”. Researchers have also examined the superplastic behavior of 

the Mg-AZ31 alloy after extrusion and processing by the ECAP; it was demonstrated that an 

elongation of around 460% may be attained at a temperature of 150o C, which reflects the 

potential for achieving superplastic behavior at low temperatures. Room temperature tensile 

properties of a superplastic AZ31 Mg alloy were examined showing that the alloy behaved in 

a superplastic manner at low strain rates. The formability of the Mg-AZ31 alloy sheets at warm 

working conditions was investigated,”[ Zhang et al, 2006]”. 

 

Recently, the effect of copper addition at a rate 4% wt on the microstructure, mechanical 

characteristics and surface roughness on the hot extrusion of aluminum was investigated,”[Al-

Qawabah and Zaid, 2013]”.They found that a pronounced increase in its microhardness (89.%) 

was achieved and a reduction in its surface roughness,(81.6%)was obtained. 

 

The effect of subjecting the Mg-AZ31alloy to severe plastic deformation after the addition of 

rare earth materials, e.g. Ti, Ti+B, Zr, Mo, V,…etc. is rare. This formed the main objective of 

this work. In this paper, the effect of the addition of Ti to Mg-AZ31 alloy on its metallurgical and 

mechanical aspects in the as cast condition and after direct extrusion is investigated. This is 

expected to reduce the heating temperature of this alloy when formed and reduce both the 

force and energy required for forming, hence reducing the type of tools and capacity of the 

machine required for forming; resulting in reduction of the production cost. 
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2. MATERIALS AND EXPERIMENTAL PROCEDURES 

2.1. Materials: 

The following materials and alloys were used in this work: 

 

2.1.1.  Mg- AZ31 alloy 

The specimens were prepared from the Mg- AZ31 alloy, the base material in this paper which 

has the chemical weight composition shown in Table (1). This alloy was provided by a Chinese 

supplier in plates with the following dimensions: 6 inches length, 4 inches width, and 0.375 

inches thickness. (152, 102, 9.5 mm) respectively. 

 

Table 1. Chemical Composition (wt %) of Mg- AZ 31 Alloy. 

Element Al Zn Mn Fe Ni Cu Si Mg 

eight % 2.768 1.0937 0.3176 0.0022 0.0003 0.0027 0.0152 Balance 

 

2.1.2. Titanium (Ti) 

Titanium was used as an alloying element; the binary aluminum-titanium, Al-Ti master alloy 

was prepared using pure titanium of 99.98 % purity;, and high purity aluminum of the chemical 

weight composition shown in Table (2) supplied by the Jordanian Electrical Authority in bundles 

of wires. 

Table 2.  Chemical Composition (wt %) of Commercially Pure Aluminum 

Element Fe Si Cu Mg Ti V Zn Mn Na Al 

weight % 0.09 0.05 0.005 0.004 0.004 0.008 0.005 0.001 0.005 Bal 

 

2.2. Experimental procedures 

The experimental procedure started with the design and manufacturing of the forward 

extrusion die, followed by the preparation of the Mg-AZ31 alloy from the supplied rolled plates 

and the Al-Ti master alloy and verify the weight percentage of each element using Scanning 

Electron Microscope (SEM). Finally, specimens with appropriate dimensions were prepared 

from Mg-AZ31 alloy and its micro alloy before and after extrusion for the following tests: Vickers 

micro hardness test, tensile test (for the mechanical behavior determination) and the 

metallurgical examination: grain size and photomicrographs of the general microstructure for 

each micro-alloy. 

 

2.2.1. Preparation of the Mg-AZ31 alloy (base material). 

The supplied base material, Mg- AZ31 alloy, was cut into small pieces and placed in a graphite 

crucible under a flux of the chemical composition shown in table (4) to avoid oxidizing of the 
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melt inside the electrical furnace which was used for melting the small pieces of the alloy at 

700o C for one hour to guarantee that all pieces were melted.  

  

Table (3) Chemical Composition (wt %) of the used Flux 

Flux composition Potassium chloride Barium Chloride Magnesium Chloride 

Weight % 47% 5% 48% 

 

2.2.2. Preparation of the binary Al -Ti alloy 

Al–Ti master alloy was prepared manually by adding 7 grams of Ti powder to 50 grams of 

commercially pure Al in a graphite crucible and introduce it into the electrical furnace; the melt 

was then poured to solidify in plates of less than 5 mm thickness. Ti weight% was found to be 

13%. 

 

2.2.3. Preparation of the microalloys 

One micro-alloy was prepared from the base material, namely: Mg-AZ31- 0.15%  as follows:  

the calculated amount of each grain refiner was taken from the previously prepared binary  

master alloy and added to the predetermined amount of the main alloy (Mg-AZ31) placed in a 

graphite crucible under the protection of KCl, MgCl2 and BaCl2 flux, introduced into the 

electrical furnace at 700o C for one hour to melt, then the crucible was brought out of the 

furnace, and the melt was stirred for one minute and finally poured in a thick hollow brass 

cylinder to solidify and cool in air.  

 

2.2.4. Preparation of the Samples for the mechanical behavior, Micro hardness and 

Metallurgical Examination Tests 

One set from the base material, Mg-AZ31 alloy, and one set of its microalloy both in the cast 

condition and after extrusion were prepared for the mechanical behavior, microhardness and 

metallurgical examination. All specimens were machined on a CNC machine. 

 

3. RESULTS AND DISCUSSION 

3.1. Effect of Ti Addition on the Grain size of Mg-AZ31 in the Cast and After Extrusion  

The histogram shown in figure (1) indicates that the addition of Ti to Mg-AZ31 alloy resulted in 

refining its grain size in the as cast condition; the grain size was reduced from 22 to 19 μm. 

Similarly, the histogram of figure (1) also shows that the extrusion process resulted in further 

refinement of the grains of the Mg-AZ31 grain refined by Ti. The decrease in the grain size 

being 27% and 26% respectively. This agrees with previous findings in the literature”[Zaid, 

2001]”. This is attributed to the heavy plastic deformation caused by the extrusion process. 
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The grain refining effect is explicitly illustrated in the photomicrographs of figure (2) (a), (b), in 

the as cast condition and fig (3) (a’), (b’), after extrusion for Mg-AZ31,and Mg-AZ31- Ti 

respectively.  

 

Figure 1: Effect of Ti addition on the grain size of Mg-AZ31 in the cast and after extrusion             

 

 

 

 

 

(a) Mg-AZ31 (22 μm)                                                             (b) Mg-AZ31 –Ti (19 μm)Figure 

2: Photomicrographs of Mg-AZ31 and  Mg-AZ31-Ti in the cast condition. 

 

 

 

                           

(a’)Mg-AZ31 (16 μm)                                                (b’) Mg-AZ31 –Ti (14 μm) 

Figure 3: Photomicrographs of Mg-AZ31 and Mg-AZ31-Ti after direct extrusion 
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